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208
mul(add(2, mul(4, 6)), add(3, 5))

add(2, mul(4, 6))
26mul

add 2
mul(4, 6)

mul 4 6

24

add(3, 5)

add 3 5

8

-2
2

-2
None

abs(number):

print(...):

display “-2”

2, 10
1024

pow(x, y):

Pure Functions

Non-Pure Functions

A name evaluates to 
the value bound to 
that name in the 
earliest frame of 
the current 
environment in which 
that name is found.

Defining:

Call expression:

square( x ):

return mul(x, x)

>>> def

square(2+2)

Calling/Applying: square( x ):

return mul(x, x)

Def 
statement

Formal parameter

Body

Return 
expression

(return statement)

operand: 2+2 
argument: 4

operator: square 
function: func square(x)

Intrinsic name

4

16Argument

Return value

Each clause is considered in order. 
1.Evaluate the header's expression. 
2.If it is a true value, execute the suite, then skip the 
remaining clauses in the statement.

1. Evaluate the header’s expression. 
2. If it is a true value, execute the (whole) suite, then 
return to step 1.

Execution rule for while statements:

Execution rule for def statements:

Execution rule for assignment statements:

Evaluation rule for call expressions:

Execution rule for conditional statements: hof.py                                                                        Page 2

    return total

def identity(k):
    return k

def cube(k):
    return pow(k, 3)

def summation(n, term):
    """Sum the first n terms of a sequence.
    
    >>> summation(5, cube)
    225
    """
    total, k = 0, 1
    while k <= n:
        total, k = total + term(k), k + 1
    return total

def pi_term(k):
    return 8 / (k * 4 � 3) / (k * 4 � 1)

# Local function definitions; returning functions

def make_adder(n):
    """Return a function that takes one argument k and returns k + n.

    >>> add_three = make_adder(3)
    >>> add_three(4)
    7
    """
    def adder(k):
        return k + n
    return adder

def compose1(f, g):
    """Return a function that composes f and g.

    f, g �� functions of a single argument
    """
    def h(x):
        return f(g(x))
    return h

@main
def run():
    interact()

Function of a single 
argument (not called term)

A formal parameter that 
will be bound to a function

The function bound to term 
gets called here

The cube function is passed 
as an argument value

0 + 13 + 23 + 33 + 43 + 55

Higher-order function: A function that takes a function as an 
argument value or returns a function as a return value

Nested def statements: Functions defined within other 
function bodies are bound to names in the local frame

Evaluation rule for or expressions:

Evaluation rule for and expressions:

Evaluation rule for not expressions:

Applying user-defined functions:

1.Evaluate the operator and operand subexpressions. 
2.Apply the function that is the value of the operator 
subexpression to the arguments that are the values of the 
operand subexpressions.

1.Create a new local frame with the same parent as the 
function that was applied. 

2.Bind the arguments to the function's formal parameter 
names in that frame. 

3.Execute the body of the function in the environment 
beginning at that frame. 

1.Create a new function value with the specified name, 
formal parameters, and function body. 

2.Its parent is the first frame of the current environment. 
3.Bind the name of the function to the function value in the 
first frame of the current environment.

1.Evaluate the expression(s) on the right of the equal sign. 
2.Simultaneously bind the names on the left to those values, 
in the first frame of the current environment.

1.Evaluate the subexpression <left>. 
2.If the result is a false value v, then the expression 
evaluates to v. 

3.Otherwise, the expression evaluates to the value of the 
subexpression <right>.

1.Evaluate <exp>; The value is True if the result is a false 
value, and False otherwise.

A name is bound to a value

In a frame, there is at most 
one binding per name

Statements and expressions
Red arrow points to next line. 
Gray arrow points to the line 
just executed

Frames (right):Code (left):

Import statement

Assignment statement

Name Value

Binding

Local frame

Intrinsic name of 
function called 

Formal parameter 
bound to 
argument

Return value is 
not a binding!

Built-in function

User-defined 
function

2

1

“y” is 
not found

“y” is 
not found

Error

    def abs_value(x): 

        if x > 0: 
            return x 
        elif x == 0: 
            return 0 
        else: 
            return -x

1 statement, 
3 clauses, 
3 headers, 
3 suites, 
2 boolean 
  contexts

•An environment is a 
sequence of frames 

•An environment for a 
non-nested function 
(no def within def) 
consists of one local 
frame, followed by the 
global frame

2

1

1

2

1

B
A B

A

A call expression and the body 
of the function being called 
are evaluated in different 
environments

1.Evaluate the subexpression <left>. 
2.If the result is a true value v, then the expression 
evaluates to v. 

3.Otherwise, the expression evaluates to the value of the 
subexpression <right>.

def fib(n): 
    """Compute the nth Fibonacci number, for N >= 1.""" 
    pred, curr = 0, 1   # Zeroth and first Fibonacci numbers 
    k = 1               # curr is the kth Fibonacci number 
    while k < n: 
        pred, curr = curr, pred + curr 
        k = k + 1 
    return curr

A and B: 
True if A is True and B is True

A or B:  
True if A is True or B is True

not A: 
True if A is False 
False if A is True



def make_adder(n): 
    """Return a function that takes one argument k and returns k + n. 

    >>> add_three = make_adder(3) 
    >>> add_three(4) 
    7 
    """ 
    def adder(k): 
        return k + n 
    return adder
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A function that returns a function

A local  
def statement

The name add_three is 
bound to a function

Can refer to names in 
the enclosing function 

square = lambda x,y: x * y

that returns the value of "x * y"
with formal parameters x and y

A function

Must be a single expression

square = lambda x: x * x def square(x): 
    return x * xVS

• Both create a function with the same domain, range, and behavior. 

• Both functions have as their parent the environment in which they 
were defined. 

• Both bind that function to the name square. 

• Only the def statement gives the function an intrinsic name.

•Every user-defined function has 
a parent frame (often global) 

•The parent of a function is the 
frame in which it was defined 

•Every local frame has a parent 
frame (often global) 

•The parent of a frame is the 
parent of the function called

Evaluates to a function. 
No "return" keyword!

When a function is defined: 
1. Create a function value: func <name>(<formal parameters>) 
2. Its parent is the current frame. 

 
 

3. Bind <name> to the function value in the current frame 
(which is the first frame of the current environment).

When a function is called: 
1. Add a local frame, titled with the <name> of the function being 

called. 
2. Copy the parent of the function to the local frame: [parent=<label>] 
3. Bind the <formal parameters> to the arguments in the local frame. 
4. Execute the body of the function in the environment that starts with 

the local frame.

2

1

3

Nested 
def

A function’s signature 
has all the information 
to create a local frame

Return value of make_adder is an 
argument to compose1

from operator import floordiv, mod 
def divide_exact(n, d): 
    """Return the quotient and remainder of dividing N by D. 

    >>> q, r = divide_exact(2012, 10) 
    >>> q 
    201 
    >>> r 
    2 
    """ 
    return floordiv(n, d), mod(n, d)

Two return values, 
separated by commas

Multiple assignment 
to two names

>>> min(2, 1, 4, 3) 
1 
>>> max(2, 1, 4, 3) 
4 
>>> abs(-2) 
2 
>>> pow(2, 3) 
8 
>>> len('word') 
4 
>>> round(1.75) 
2 
>>> print(1, 2) 
1 2 
>>> float(5) 
5.0

>>> 2 + 3 
5 
>>> 2 * 3 
6 
>>> 2 ** 3 
8 
>>> 5 / 3 
1.6666666666666667 
>>> 5 // 3 
1 
>>> 5 % 3 
2 
>>> str(5) 
'5' 
>>> int('5') 
5

def search(f): 
    """Return the smallest non-negative  
    integer x for which f(x) is a true value. 
    """ 
    x = 0 
    while True: 
        if f(x): 
            return x 
        x += 1 

def is_three(x): 
    """Return whether x is three. 

    >>> search(is_three) 
    3 
    """ 
    return x == 3 

def inverse(f): 
    """Return a function g(y) that returns  
    x such that f(x) == y. 

    >>> sqrt = inverse(lambda x: x * x) 
    >>> sqrt(16) 
    4 
    """ 
    return lambda y: search(lambda x: f(x)==y)

False values so far: 0, False, '', None

Anything value that's not false is true.

>>> if 0: 
...     print('*') 
>>> if 1: 
...     print('*') 
* 
>>> if abs: 
...     print('*') 
*

>>> if 1 and 0: 
...     print('*') 
>>> if 1 or 0: 
...     print('*') 
* 
>>> if 1 or 1/0: 
...     print('*') 
* 

from math import sqrt 

def isPrime(n): 
    i = 2 
    while i <= int(sqrt(n)): 
        if n % i == 0:  
            return False 
        i = i + 1 
    return True   
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>>> digits = [1, 8, 2, 8] 
>>> len(digits) 
4 
>>> digits[3] 
8
>>> [2, 7] + digits * 2 
[2, 7, 1, 8, 2, 8, 1, 8, 2, 8]

>>> pairs = [[10, 20], [30, 40]] 
>>> pairs[1] 
[30, 40] 
>>> pairs[1][0] 
30

>>> pairs=[[1, 2], [2, 2], [3, 2], [4, 4]] 
>>> same_count = 0

>>> for x, y in pairs: 
...     if x == y: 
...         same_count = same_count + 1 
>>> same_count 
2

A sequence of  
fixed-length sequences

A name for each element in a 
fixed-length sequence

for <name> in <expression>: 
    <suite>
1. Evaluate the header <expression>, 

which must yield an iterable value 
(a list, tuple, iterator, etc.) 

2. For each element in that sequence, 
in order: 
A. Bind <name> to that element in 

the current frame 
B. Execute the <suite>

Executing a for statement:

Lists:

Unpacking in a 
for statement:

>>> list(range(-2, 2)) 
[-2, -1, 0, 1] 

>>> list(range(4)) 
[0, 1, 2, 3]

..., -3, -2, -1, 0, 1, 2, 3, 4, ...

range(-2, 2)
Length: ending value - starting value
Element selection: starting value + index

List constructor

Range with a 0 
starting value

[<map exp> for <name> in <iter exp> if <filter 
Short version: [<map exp> for <name> in <iter 

A combined expression that evaluates to a list using this 
evaluation procedure: 
1. Add a new frame with the current frame as its parent 
2. Create an empty result list that is the value of the 

expression 
3. For each element in the iterable value of <iter exp>: 

A. Bind <name> to that element in the new frame from step 
1 

B. If <filter exp> evaluates to a true value, then add 

List comprehensions:

>>> digits = [1, 8, 2, 8] 
>>> 2 in digits 
True 
>>> 1828 not in digits 
True

>>> digits[0:2] 
[1, 8] 
>>> digits[1:] 
[8, 2, 8]

Membership: Slicing:

Slicing creates a new object

>>> a = [10] 
>>> b = [10] 
>>> a == b 
True 
>>> b.append(20) 
>>> a 
[10] 
>>> b 
[10, 20] 
>>> a == b 
False

>>> a = [10] 
>>> b = a 
>>> a == b 
True 
>>> a.append(20) 
>>> a == b 
True 
>>> a 
[10, 20] 
>>> b 
[10, 20]

>>> suits = ['coin', 'string', 'myriad'] 
>>> suits.pop() 
'myriad' 
>>> suits.remove(‘string') 

>>> suits.append('cup')  
>>> suits.extend(['sword', 'club']) 
>>> suits[2] = 'spade' 
>>> suits 
['coin', 'cup', 'spade', 'club'] 
>>> suits[0:2] = ['diamond'] 
>>> suits 
['diamond', 'spade', 'club'] 
>>> suits.insert(0, 'heart') 
>>> suits 
['heart', 'diamond', 'spade', 'club']

List mutation:

Identity: 
<exp0> is <exp1> 
evaluates to True if both <exp0> and 
<exp1> evaluate to the same object 
Equality: 
<exp0> == <exp1>  
evaluates to True if both <exp0> and 
<exp1> evaluate to equal values 
Identical objects are always equal values

digits

pairs

Remove and return 
the last element

Removes first 
matching value

Add all 
values

Replace a 
slice with 

values

Add an element 
at an index

Functions that aggregate iterable arguments 
•sum(iterable[, start]) -> value         sum of all values 
•max(iterable[, key=func]) -> value      largest value 
max(a, b, c, ...[, key=func]) -> value 
min(iterable[, key=func]) -> value      smallest value 
min(a, b, c, ...[, key=func]) -> value 

•all(iterable) -> bool                   whether all are true 
any(iterable) -> bool                   whether any is true

Many built-in 
Python sequence 
operations 
return 
iterators that 
compute results 
lazily

map(func, iterable): 

filter(func, iterable): 

zip(first_iter, second_iter): 

reversed(sequence):

Iterate over func(x) for x in iterable 

Iterate over x in iterable if func(x) 

Iterate over co-indexed (x, y) pairs 

Iterate over x in a sequence in reverse order
To view the 
contents of 
an iterator, 
place the 
resulting 
elements into 
a container

list(iterable): 

tuple(iterable): 

sorted(iterable):

Create a list containing all x in iterable 

Create a tuple containing all x in iterable 

Create a sorted list containing x in iterable

>>> all([False, True]) 
False 
>>> all([]) 
True 
>>> sum([1, 2]) 
3 
>>> sum([1, 2], 3) 
6 
>>> sum([]) 
0 
>>> sum([[1], [2]], []) 
[1, 2]

def virfib(n):
  if n == 0:
    return 0
  elif n == 1:
    return 1
  else:
    return virfib(n-2) + virfib(n-1)

0, 1, 2, 3, 4, 5, 6,  7,  8,n:
0, 1, 1, 2, 3, 5, 8, 13, 21,virfib(n):def cascade(n):

    if n < 10:
        print(n)
    else:
        print(n)
        cascade(n//10)
        print(n)

>>> cascade(123)
123
12
1
12
123

>>> any([False, True]) 
True 
>>> any([]) 
False 
>>> max(1, 2) 
2 
>>> max([1, 2]) 
2 
>>> max([1, -2], key=abs) 
-2 

Exponential growth.  E.g., recursive fib
Incrementing n multiplies time by a constant

Linear growth.  E.g., slow exp

Logarithmic growth. E.g., exp_fast
Doubling n only increments time by a constant

Constant growth. Increasing n doesn't affect time

Quadratic growth.  E.g., overlap
Incrementing n increases time by n times a constant

Incrementing n increases time by a constant

⇥(1)
<latexit sha1_base64="cxg26Q7isxqJFXNUApBw2Z0XPYE=">AAAB8HicbVDLSgNBEOz1GeMr6tHLkCBEhLDrRY9BLx4j5CXZJcxOOsmQmd1lZlYIS77CiwdFvfo53vwbJ4+DJhY0FFXddHeFieDauO63s7a+sbm1ndvJ7+7tHxwWjo6bOk4VwwaLRazaIdUoeIQNw43AdqKQylBgKxzdTv3WIyrN46huxgkGkg4i3ueMGis9+PUhGlr2zruFkltxZyCrxFuQUrXoX7wDQK1b+PJ7MUslRoYJqnXHcxMTZFQZzgRO8n6qMaFsRAfYsTSiEnWQzQ6ekDOr9Eg/VrYiQ2bq74mMSq3HMrSdkpqhXvam4n9eJzX96yDjUZIajNh8UT8VxMRk+j3pcYXMiLEllClubyVsSBVlxmaUtyF4yy+vkuZlxXMr3r1N4wbmyMEpFKEMHlxBFe6gBg1gIOEJXuDVUc6z8+Z8zFvXnMXMCfyB8/kDv5SRLQ==</latexit><latexit sha1_base64="zZPfn/VjLEdIKtCk3LLaaw2gI2I=">AAAB8HicbVDLSgNBEJyNrxhfUY9ehgQhIoRdL3oMevEYIS/JLmF2MpsMmZldZnqFsOQr9OBBEa9+jrf8jZPHQRMLGoqqbrq7wkRwA647dXIbm1vbO/ndwt7+weFR8fikZeJUU9aksYh1JySGCa5YEzgI1kk0IzIUrB2O7mZ++4lpw2PVgHHCAkkGikecErDSo98YMiAV76JXLLtVdw68TrwlKddK/uXLtDau94rffj+mqWQKqCDGdD03gSAjGjgVbFLwU8MSQkdkwLqWKiKZCbL5wRN8bpU+jmJtSwGeq78nMiKNGcvQdkoCQ7PqzcT/vG4K0U2QcZWkwBRdLIpSgSHGs+9xn2tGQYwtIVRzeyumQ6IJBZtRwYbgrb68TlpXVc+teg82jVu0QB6doRKqIA9doxq6R3XURBRJ9Ize0LujnVfnw/lctOac5cwp+gPn6wfI/pKz</latexit><latexit sha1_base64="zZPfn/VjLEdIKtCk3LLaaw2gI2I=">AAAB8HicbVDLSgNBEJyNrxhfUY9ehgQhIoRdL3oMevEYIS/JLmF2MpsMmZldZnqFsOQr9OBBEa9+jrf8jZPHQRMLGoqqbrq7wkRwA647dXIbm1vbO/ndwt7+weFR8fikZeJUU9aksYh1JySGCa5YEzgI1kk0IzIUrB2O7mZ++4lpw2PVgHHCAkkGikecErDSo98YMiAV76JXLLtVdw68TrwlKddK/uXLtDau94rffj+mqWQKqCDGdD03gSAjGjgVbFLwU8MSQkdkwLqWKiKZCbL5wRN8bpU+jmJtSwGeq78nMiKNGcvQdkoCQ7PqzcT/vG4K0U2QcZWkwBRdLIpSgSHGs+9xn2tGQYwtIVRzeyumQ6IJBZtRwYbgrb68TlpXVc+teg82jVu0QB6doRKqIA9doxq6R3XURBRJ9Ize0LujnVfnw/lctOac5cwp+gPn6wfI/pKz</latexit><latexit sha1_base64="uecGOMSGgnxr7TgkwN0KdrGvsZQ=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tDoMQm3Bno2XQxjJCviQ5wt5mL1myu3fszgnhyK+wsVDE1p9j579xk1yhiQ8GHu/NMDMvTAQ36HnfTmFjc2t7p7hb2ts/ODwqH5+0TZxqylo0FrHuhsQwwRVrIUfBuolmRIaCdcLJ3dzvPDFteKyaOE1YIMlI8YhTglZ67DfHDEnVvxyUK17NW8BdJ35OKpCjMSh/9YcxTSVTSAUxpud7CQYZ0cipYLNSPzUsIXRCRqxnqSKSmSBbHDxzL6wydKNY21LoLtTfExmRxkxlaDslwbFZ9ebif14vxegmyLhKUmSKLhdFqXAxduffu0OuGUUxtYRQze2tLh0TTSjajEo2BH/15XXSvqr5Xs1/8Cr12zyOIpzBOVTBh2uowz00oAUUJDzDK7w52nlx3p2PZWvByWdO4Q+czx+tFY+k</latexit>

⇥(log n)
<latexit sha1_base64="DK/wbEiUiPA2hrr2keU+G1aLr5M=">AAAB9XicbVDLSgNBEOyNrxhfUY9ehgQhIoRdL3oMevEYIS/IrmF2MpsMmZ1ZZmaVsOQ/vAgq4tV/8ebfOHkcNLGgoajqprsrTDjTxnW/ndza+sbmVn67sLO7t39QPDxqaZkqQptEcqk6IdaUM0GbhhlOO4miOA45bYejm6nffqBKMykaZpzQIMYDwSJGsLHSvd8YUoMrPpcDJM56xbJbdWdAq8RbkHKt5J+/AEC9V/zy+5KkMRWGcKx113MTE2RYGUY4nRT8VNMEkxEe0K6lAsdUB9ns6gk6tUofRVLZEgbN1N8TGY61Hseh7YyxGeplbyr+53VTE10FGRNJaqgg80VRypGRaBoB6jNFieFjSzBRzN6KyBArTIwNqmBD8JZfXiWti6rnVr07m8Y1zJGHEyhBBTy4hBrcQh2aQEDBE7zCm/PoPDvvzse8NecsZo7hD5zPH40ok1o=</latexit><latexit sha1_base64="RHa1m03WbZ7W9E8ltOzuGGdhNgY=">AAAB9XicbVDLSgNBEOz1GeMr6tHLkCBEhLDrRY9BLx4j5AXZNcxOZpMhszPLzKyyhPyFBy8eFPHqv3jL3zh5HDSxoKGo6qa7K0w408Z1J87a+sbm1nZuJ7+7t39wWDg6bmqZKkIbRHKp2iHWlDNBG4YZTtuJojgOOW2Fw9up33qkSjMp6iZLaBDjvmARI9hY6cGvD6jBZZ/LPhLn3ULJrbgzoFXiLUipWvQvnifVrNYtfPs9SdKYCkM41rrjuYkJRlgZRjgd5/1U0wSTIe7TjqUCx1QHo9nVY3RmlR6KpLIlDJqpvydGONY6i0PbGWMz0MveVPzP66Qmug5GTCSpoYLMF0UpR0aiaQSoxxQlhmeWYKKYvRWRAVaYGBtU3obgLb+8SpqXFc+tePc2jRuYIwenUIQyeHAFVbiDGjSAgIIXeIN358l5dT6cz3nrmrOYOYE/cL5+AJaSlOA=</latexit><latexit sha1_base64="RHa1m03WbZ7W9E8ltOzuGGdhNgY=">AAAB9XicbVDLSgNBEOz1GeMr6tHLkCBEhLDrRY9BLx4j5AXZNcxOZpMhszPLzKyyhPyFBy8eFPHqv3jL3zh5HDSxoKGo6qa7K0w408Z1J87a+sbm1nZuJ7+7t39wWDg6bmqZKkIbRHKp2iHWlDNBG4YZTtuJojgOOW2Fw9up33qkSjMp6iZLaBDjvmARI9hY6cGvD6jBZZ/LPhLn3ULJrbgzoFXiLUipWvQvnifVrNYtfPs9SdKYCkM41rrjuYkJRlgZRjgd5/1U0wSTIe7TjqUCx1QHo9nVY3RmlR6KpLIlDJqpvydGONY6i0PbGWMz0MveVPzP66Qmug5GTCSpoYLMF0UpR0aiaQSoxxQlhmeWYKKYvRWRAVaYGBtU3obgLb+8SpqXFc+tePc2jRuYIwenUIQyeHAFVbiDGjSAgIIXeIN358l5dT6cz3nrmrOYOYE/cL5+AJaSlOA=</latexit><latexit sha1_base64="R68JbFuSOwmg0uCtKaVsudswboc=">AAAB9XicbVA9SwNBEJ2LXzF+RS1tFoMQm3Bno2XQxjJCPoTkDHubuWTJ3t6xu6eEI//DxkIRW/+Lnf/GTXKFJj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnGNzO/84hK81g2zSRBP6JDyUPOqLHSQ685QkOrPREPiTzvlytuzZ2DrBIvJxXI0eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfza+ekjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCKz/jMkkNSrZYFKaCmJjMIiADrpAZMbGEMsXtrYSNqKLM2KBKNgRv+eVV0r6oeW7Nu3Mr9es8jiKcwClUwYNLqMMtNKAFDBQ8wyu8OU/Oi/PufCxaC04+cwx/4Hz+AHqpkdE=</latexit>

⇥(n)
<latexit sha1_base64="jMSL2OINSwlIU1DFc5CHfF+CiMs=">AAAB8HicbVDLSgNBEOz1GeMr6tHLkiBEhLDrRY9BLx4j5CXZJcxOOsmQmdllZlYIS77CiwdFvfo53vwbJ4+DJhY0FFXddHdFCWfaeN63s7a+sbm1ndvJ7+7tHxwWjo6bOk4VxQaNeazaEdHImcSGYYZjO1FIRMSxFY1up37rEZVmsaybcYKhIAPJ+owSY6WHoD5EQ8ryvFsoeRVvBneV+AtSqhaDi3cAqHULX0EvpqlAaSgnWnd8LzFhRpRhlOMkH6QaE0JHZIAdSyURqMNsdvDEPbNKz+3HypY07kz9PZERofVYRLZTEDPUy95U/M/rpKZ/HWZMJqlBSeeL+il3TexOv3d7TCE1fGwJoYrZW106JIpQYzPK2xD85ZdXSfOy4nsV/96mcQNz5OAUilAGH66gCndQgwZQEPAEL/DqKOfZeXM+5q1rzmLmBP7A+fwBHFSRag==</latexit><latexit sha1_base64="gdLfQI6euH6g8XZvgkCxRKZJspI=">AAAB8HicbVDLSgNBEJyNrxhfUY9ehgQhIoRdL3oMevEYIS/JLmF20psMmZldZmaFsOQr9OBBEa9+jrf8jZPHQRMLGoqqbrq7woQzbVx36uQ2Nre2d/K7hb39g8Oj4vFJS8epotCkMY9VJyQaOJPQNMxw6CQKiAg5tMPR3cxvP4HSLJYNM04gEGQgWcQoMVZ69BtDMKQiL3rFslt158DrxFuScq3kX75Ma+N6r/jt92OaCpCGcqJ113MTE2REGUY5TAp+qiEhdEQG0LVUEgE6yOYHT/C5Vfo4ipUtafBc/T2REaH1WIS2UxAz1KveTPzP66YmugkyJpPUgKSLRVHKsYnx7HvcZwqo4WNLCFXM3orpkChCjc2oYEPwVl9eJ62rqudWvQebxi1aII/OUAlVkIeuUQ3dozpqIooEekZv6N1Rzqvz4XwuWnPOcuYU/YHz9QMlvpLw</latexit><latexit sha1_base64="gdLfQI6euH6g8XZvgkCxRKZJspI=">AAAB8HicbVDLSgNBEJyNrxhfUY9ehgQhIoRdL3oMevEYIS/JLmF20psMmZldZmaFsOQr9OBBEa9+jrf8jZPHQRMLGoqqbrq7woQzbVx36uQ2Nre2d/K7hb39g8Oj4vFJS8epotCkMY9VJyQaOJPQNMxw6CQKiAg5tMPR3cxvP4HSLJYNM04gEGQgWcQoMVZ69BtDMKQiL3rFslt158DrxFuScq3kX75Ma+N6r/jt92OaCpCGcqJ113MTE2REGUY5TAp+qiEhdEQG0LVUEgE6yOYHT/C5Vfo4ipUtafBc/T2REaH1WIS2UxAz1KveTPzP66YmugkyJpPUgKSLRVHKsYnx7HvcZwqo4WNLCFXM3orpkChCjc2oYEPwVl9eJ62rqudWvQebxi1aII/OUAlVkIeuUQ3dozpqIooEekZv6N1Rzqvz4XwuWnPOcuYU/YHz9QMlvpLw</latexit><latexit sha1_base64="oB6jlXGIkO9IKqkRvd0Cu68+Q6c=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tDoMQm3Bno2XQxjJCviQ5wt5mL1myu3fszgnhyK+wsVDE1p9j579xk1yhiQ8GHu/NMDMvTAQ36HnfTmFjc2t7p7hb2ts/ODwqH5+0TZxqylo0FrHuhsQwwRVrIUfBuolmRIaCdcLJ3dzvPDFteKyaOE1YIMlI8YhTglZ67DfHDElVXQ7KFa/mLeCuEz8nFcjRGJS/+sOYppIppIIY0/O9BIOMaORUsFmpnxqWEDohI9azVBHJTJAtDp65F1YZulGsbSl0F+rviYxIY6YytJ2S4NisenPxP6+XYnQTZFwlKTJFl4uiVLgYu/Pv3SHXjKKYWkKo5vZWl46JJhRtRiUbgr/68jppX9V8r+Y/eJX6bR5HEc7gHKrgwzXU4R4a0AIKEp7hFd4c7bw4787HsrXg5DOn8AfO5w8J1Y/h</latexit>

⇥(n2)
<latexit sha1_base64="2Nu7S0mxhr8c+CikqDKY8Bf0+5M=">AAAB8nicbVDJSgNBEK2JW4xb1KOXIUGICGEmFz0GvXiMkA0mY+jp9CRNenqG7hohDPkMLx5c8OrXePNv7CwHTXxQ8Hiviqp6QSK4Rsf5tnIbm1vbO/ndwt7+weFR8fikreNUUdaisYhVNyCaCS5ZCzkK1k0UI1EgWCcY3878ziNTmseyiZOE+REZSh5yStBIXq85Ykgq8qF20S+Wnaozh71O3CUp10u9yzcAaPSLX71BTNOISaSCaO25ToJ+RhRyKti00Es1SwgdkyHzDJUkYtrP5idP7XOjDOwwVqYk2nP190RGIq0nUWA6I4IjverNxP88L8Xw2s+4TFJkki4WhamwMbZn/9sDrhhFMTGEUMXNrTYdEUUompQKJgR39eV10q5VXafq3ps0bmCBPJxBCSrgwhXU4Q4a0AIKMTzBC7xaaD1b79bHojVnLWdO4Q+szx9HS5IO</latexit><latexit sha1_base64="JtNKk2OifBCJsu/nv8Q9CeO7Jno=">AAAB8nicbVDLSsNAFJ34rPVVdelmaBEqQkm60WXRjcsKfUESy2Q6aYdOJmHmRgihf6EbF4q49Wvc9W+cPhbaeuDC4Zx7ufeeIBFcg21PrY3Nre2d3cJecf/g8Oi4dHLa0XGqKGvTWMSqFxDNBJesDRwE6yWKkSgQrBuM72Z+94kpzWPZgixhfkSGkoecEjCS67VGDEhVPtYv+6WKXbPnwOvEWZJKo+xdPU8bWbNf+vYGMU0jJoEKorXr2An4OVHAqWCTopdqlhA6JkPmGipJxLSfz0+e4AujDHAYK1MS8Fz9PZGTSOssCkxnRGCkV72Z+J/nphDe+DmXSQpM0sWiMBUYYjz7Hw+4YhREZgihiptbMR0RRSiYlIomBGf15XXSqdccu+Y8mDRu0QIFdI7KqIocdI0a6B41URtRFKMX9IbeLbBerQ/rc9G6YS1nztAfWF8/ULWTlA==</latexit><latexit sha1_base64="JtNKk2OifBCJsu/nv8Q9CeO7Jno=">AAAB8nicbVDLSsNAFJ34rPVVdelmaBEqQkm60WXRjcsKfUESy2Q6aYdOJmHmRgihf6EbF4q49Wvc9W+cPhbaeuDC4Zx7ufeeIBFcg21PrY3Nre2d3cJecf/g8Oi4dHLa0XGqKGvTWMSqFxDNBJesDRwE6yWKkSgQrBuM72Z+94kpzWPZgixhfkSGkoecEjCS67VGDEhVPtYv+6WKXbPnwOvEWZJKo+xdPU8bWbNf+vYGMU0jJoEKorXr2An4OVHAqWCTopdqlhA6JkPmGipJxLSfz0+e4AujDHAYK1MS8Fz9PZGTSOssCkxnRGCkV72Z+J/nphDe+DmXSQpM0sWiMBUYYjz7Hw+4YhREZgihiptbMR0RRSiYlIomBGf15XXSqdccu+Y8mDRu0QIFdI7KqIocdI0a6B41URtRFKMX9IbeLbBerQ/rc9G6YS1nztAfWF8/ULWTlA==</latexit><latexit sha1_base64="WALeiKi4PWgAumKKikdV7B6ZkfQ=">AAAB8nicbVA9SwNBEJ3zM8avqKXNYRBiE+7SaBm0sYyQL7icYW+zSZbs7R67c0I48jNsLBSx9dfY+W/cJFdo4oOBx3szzMyLEsENet63s7G5tb2zW9gr7h8cHh2XTk7bRqWashZVQuluRAwTXLIWchSsm2hG4kiwTjS5m/udJ6YNV7KJ04SFMRlJPuSUoJWCXnPMkFTkY+2qXyp7VW8Bd534OSlDjka/9NUbKJrGTCIVxJjA9xIMM6KRU8FmxV5qWELohIxYYKkkMTNhtjh55l5aZeAOlbYl0V2ovycyEhszjSPbGRMcm1VvLv7nBSkOb8KMyyRFJuly0TAVLip3/r874JpRFFNLCNXc3urSMdGEok2paEPwV19eJ+1a1feq/oNXrt/mcRTgHC6gAj5cQx3uoQEtoKDgGV7hzUHnxXl3PpatG04+cwZ/4Hz+ADTMkIU=</latexit>

⇥(bn)
<latexit sha1_base64="8g+c8Fm44V71cuVu27a2oG6AMhA=">AAAB8nicbVDLSsNAFL3xWeur6tJNaBEqQknc6LLoxmWFviCJZTKdtEMnkzBzI5TQz3Djwgdu/Rp3/o3Tx0JbD1w4nHMv994TpoJrdJxva219Y3Nru7BT3N3bPzgsHR23dZIpylo0EYnqhkQzwSVrIUfBuqliJA4F64Sj26nfeWRK80Q2cZyyICYDySNOCRrJ85tDhqQaPsjzXqni1JwZ7FXiLkilXvYv3gCg0St9+f2EZjGTSAXR2nOdFIOcKORUsEnRzzRLCR2RAfMMlSRmOshnJ0/sM6P07ShRpiTaM/X3RE5ircdxaDpjgkO97E3F/zwvw+g6yLlMM2SSzhdFmbAxsaf/232uGEUxNoRQxc2tNh0SRSialIomBHf55VXSvqy5Ts29N2ncwBwFOIUyVMGFK6jDHTSgBRQSeIIXeLXQerberY9565q1mDmBP7A+fwCQI5I+</latexit><latexit sha1_base64="1j5ev6ilyFSc2YovtpREqyQAMPs=">AAAB8nicbVDLSsNAFJ3UV62vqks3Q4tQEUriRpdFNy4r9AVJLJPppB06mYSZGyGE/oVuXCji1q9x179x+lho64ELh3Pu5d57gkRwDbY9tQobm1vbO8Xd0t7+weFR+fiko+NUUdamsYhVLyCaCS5ZGzgI1ksUI1EgWDcY38387hNTmseyBVnC/IgMJQ85JWAk12uNGJBa8Cgv+uWqXbfnwOvEWZJqo+JdPk8bWbNf/vYGMU0jJoEKorXr2An4OVHAqWCTkpdqlhA6JkPmGipJxLSfz0+e4HOjDHAYK1MS8Fz9PZGTSOssCkxnRGCkV72Z+J/nphDe+DmXSQpM0sWiMBUYYjz7Hw+4YhREZgihiptbMR0RRSiYlEomBGf15XXSuao7dt15MGncogWK6AxVUA056Bo10D1qojaiKEYv6A29W2C9Wh/W56K1YC1nTtEfWF8/mY2TxA==</latexit><latexit sha1_base64="1j5ev6ilyFSc2YovtpREqyQAMPs=">AAAB8nicbVDLSsNAFJ3UV62vqks3Q4tQEUriRpdFNy4r9AVJLJPppB06mYSZGyGE/oVuXCji1q9x179x+lho64ELh3Pu5d57gkRwDbY9tQobm1vbO8Xd0t7+weFR+fiko+NUUdamsYhVLyCaCS5ZGzgI1ksUI1EgWDcY38387hNTmseyBVnC/IgMJQ85JWAk12uNGJBa8Cgv+uWqXbfnwOvEWZJqo+JdPk8bWbNf/vYGMU0jJoEKorXr2An4OVHAqWCTkpdqlhA6JkPmGipJxLSfz0+e4HOjDHAYK1MS8Fz9PZGTSOssCkxnRGCkV72Z+J/nphDe+DmXSQpM0sWiMBUYYjz7Hw+4YhREZgihiptbMR0RRSiYlEomBGf15XXSuao7dt15MGncogWK6AxVUA056Bo10D1qojaiKEYv6A29W2C9Wh/W56K1YC1nTtEfWF8/mY2TxA==</latexit><latexit sha1_base64="a8UYW0Su6kS0T6+bYsH29pm5wpg=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoMQm3Bno2XQxjJCviA5w95mL1myt3fszgnhyM+wsVDE1l9j579xk1yhiQ8GHu/NMDMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu7nfeeLaiFg1cZpwP6IjJULBKFqp12+OOdJq8KguB+WKW3MXIOvEy0kFcjQG5a/+MGZpxBUySY3peW6CfkY1Cib5rNRPDU8om9AR71mqaMSNny1OnpELqwxJGGtbCslC/T2R0ciYaRTYzoji2Kx6c/E/r5dieONnQiUpcsWWi8JUEozJ/H8yFJozlFNLKNPC3krYmGrK0KZUsiF4qy+vk/ZVzXNr3oNbqd/mcRThDM6hCh5cQx3uoQEtYBDDM7zCm4POi/PufCxbC04+cwp/4Hz+AH2kkLU=</latexit>

O(bn)
<latexit sha1_base64="7k1r5ohl/h4Qdp1yWFRDybMUWwc=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAlCRAi7XvQY9OLNCOYByRpmJ7PJmNmZZWZWCEv+wYsHRcSb/+PNv3HyOGhiQUNR1U13V5hwpo3nfTu5ldW19Y38ZmFre2d3z90/aGiZKkLrRHKpWiHWlDNB64YZTluJojgOOW2Gw6uJ33ykSjMp7swooUGM+4JFjGBjpcZNObwXJ1235FW8KdAy8eekVC12Tj8AoNZ1vzo9SdKYCkM41rrte4kJMqwMI5yOC51U0wSTIe7TtqUCx1QH2fTaMTq2Sg9FUtkSBk3V3xMZjrUexaHtjLEZ6EVvIv7ntVMTXQQZE0lqqCCzRVHKkZFo8jrqMUWJ4SNLMFHM3orIACtMjA2oYEPwF19eJo2ziu9V/FubxiXMkIcjKEIZfDiHKlxDDepA4AGe4AVeHek8O2/O+6w158xnDuEPnM8fuwCQCQ==</latexit><latexit sha1_base64="pLelT/3n1ernarEdpl+dJC4Vvfo=">AAAB7XicbVDLSgNBEOyNrxhfUY9ehgQhIoRdL3oMevFmBPOAZA2zk9lkdHZmmZkVliX/4EEPinj1f7zlb5w8DppY0FBUddPdFcScaeO6Yye3srq2vpHfLGxt7+zuFfcPmlomitAGkVyqdoA15UzQhmGG03asKI4CTlvB49XEbz1RpZkUdyaNqR/hgWAhI9hYqXlTCe7FSa9YdqvuFGiZeHNSrpW6py/jWlrvFb+7fUmSiApDONa647mx8TOsDCOcjgrdRNMYk0c8oB1LBY6o9rPptSN0bJU+CqWyJQyaqr8nMhxpnUaB7YywGepFbyL+53USE174GRNxYqggs0VhwpGRaPI66jNFieGpJZgoZm9FZIgVJsYGVLAheIsvL5PmWdVzq96tTeMSZsjDEZSgAh6cQw2uoQ4NIPAAz/AG7450Xp0P53PWmnPmM4fwB87XD8RqkY8=</latexit><latexit sha1_base64="pLelT/3n1ernarEdpl+dJC4Vvfo=">AAAB7XicbVDLSgNBEOyNrxhfUY9ehgQhIoRdL3oMevFmBPOAZA2zk9lkdHZmmZkVliX/4EEPinj1f7zlb5w8DppY0FBUddPdFcScaeO6Yye3srq2vpHfLGxt7+zuFfcPmlomitAGkVyqdoA15UzQhmGG03asKI4CTlvB49XEbz1RpZkUdyaNqR/hgWAhI9hYqXlTCe7FSa9YdqvuFGiZeHNSrpW6py/jWlrvFb+7fUmSiApDONa647mx8TOsDCOcjgrdRNMYk0c8oB1LBY6o9rPptSN0bJU+CqWyJQyaqr8nMhxpnUaB7YywGepFbyL+53USE174GRNxYqggs0VhwpGRaPI66jNFieGpJZgoZm9FZIgVJsYGVLAheIsvL5PmWdVzq96tTeMSZsjDEZSgAh6cQw2uoQ4NIPAAz/AG7450Xp0P53PWmnPmM4fwB87XD8RqkY8=</latexit><latexit sha1_base64="lh+QN5vYVCNTaViZri/ieStTftY=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSLUS8l60WPRizcr2A9o15JNs21sNlmSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvTAQ3FuNvb2V1bX1js7BV3N7Z3dsvHRw2jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLR9dRvPTFtuJL3dpywICYDySNOiXVS87YSPsizXqmMq3gGtEz8nJQhR71X+ur2FU1jJi0VxJiOjxMbZERbTgWbFLupYQmhIzJgHUcliZkJstm1E3TqlD6KlHYlLZqpvycyEhszjkPXGRM7NIveVPzP66Q2ugwyLpPUMknni6JUIKvQ9HXU55pRK8aOEKq5uxXRIdGEWhdQ0YXgL768TJrnVR9X/Ttcrl3lcRTgGE6gAj5cQA1uoA4NoPAIz/AKb57yXrx372PeuuLlM0fwB97nD6iBjoA=</latexit>

O(n2)
<latexit sha1_base64="fxdqK8mpvWTQC6DjJIhxecHR+Nc=">AAAB7XicbVDLSgNBEOyNrxhfUY9ehgQhIoTdXOIx6MWbEcwDkjXMTmaTMbMzy8ysEJb8gxcPiog3/8ebf+PkcdDEgoaiqpvuriDmTBvX/XYya+sbm1vZ7dzO7t7+Qf7wqKlloghtEMmlagdYU84EbRhmOG3HiuIo4LQVjK6mfuuRKs2kuDPjmPoRHggWMoKNlZo3JXFfOevli27ZnQGtEm9BirVC9/wDAOq9/Fe3L0kSUWEIx1p3PDc2foqVYYTTSa6baBpjMsID2rFU4IhqP51dO0GnVumjUCpbwqCZ+nsixZHW4yiwnRE2Q73sTcX/vE5iwgs/ZSJODBVkvihMODISTV9HfaYoMXxsCSaK2VsRGWKFibEB5WwI3vLLq6RZKXtu2bu1aVzCHFk4gQKUwIMq1OAa6tAAAg/wBC/w6kjn2Xlz3uetGWcxcwx/4Hz+AHIoj9k=</latexit><latexit sha1_base64="fUWbN3kzssxJRSRE8/MVNcuo0i0=">AAAB7XicbVDLSgNBEOyNrxhfUY9ehgQhIoTdXPQY9OLNCOYByRpmJ7PJmNmZZWZWCEv+wYMeFPHq/3jL3zh5HDSxoKGo6qa7K4g508Z1J05mbX1jcyu7ndvZ3ds/yB8eNbRMFKF1IrlUrQBrypmgdcMMp61YURwFnDaD4fXUbz5RpZkU92YUUz/CfcFCRrCxUuO2JB4qZ9180S27M6BV4i1IsVronL9MqqNaN//d6UmSRFQYwrHWbc+NjZ9iZRjhdJzrJJrGmAxxn7YtFTii2k9n147RqVV6KJTKljBopv6eSHGk9SgKbGeEzUAve1PxP6+dmPDST5mIE0MFmS8KE46MRNPXUY8pSgwfWYKJYvZWRAZYYWJsQDkbgrf88ippVMqeW/bubBpXMEcWTqAAJfDgAqpwAzWoA4FHeIY3eHek8+p8OJ/z1oyzmDmGP3C+fgB7kpFf</latexit><latexit sha1_base64="fUWbN3kzssxJRSRE8/MVNcuo0i0=">AAAB7XicbVDLSgNBEOyNrxhfUY9ehgQhIoTdXPQY9OLNCOYByRpmJ7PJmNmZZWZWCEv+wYMeFPHq/3jL3zh5HDSxoKGo6qa7K4g508Z1J05mbX1jcyu7ndvZ3ds/yB8eNbRMFKF1IrlUrQBrypmgdcMMp61YURwFnDaD4fXUbz5RpZkU92YUUz/CfcFCRrCxUuO2JB4qZ9180S27M6BV4i1IsVronL9MqqNaN//d6UmSRFQYwrHWbc+NjZ9iZRjhdJzrJJrGmAxxn7YtFTii2k9n147RqVV6KJTKljBopv6eSHGk9SgKbGeEzUAve1PxP6+dmPDST5mIE0MFmS8KE46MRNPXUY8pSgwfWYKJYvZWRAZYYWJsQDkbgrf88ippVMqeW/bubBpXMEcWTqAAJfDgAqpwAzWoA4FHeIY3eHek8+p8OJ/z1oyzmDmGP3C+fgB7kpFf</latexit><latexit sha1_base64="AA9q8Orv9CfeeHWIoueTctuCfpw=">AAAB7XicbVA9T8MwEL2Ur1K+CowsFhVSWaqkC4wVLGwUiX5Ibagc12lNHTuyHaQq6n9gYQAhVv4PG/8Gp80ALU866em9O93dC2LOtHHdb6ewtr6xuVXcLu3s7u0flA+P2lomitAWkVyqboA15UzQlmGG026sKI4CTjvB5DrzO09UaSbFvZnG1I/wSLCQEWys1L6tiof6+aBccWvuHGiVeDmpQI7moPzVH0qSRFQYwrHWPc+NjZ9iZRjhdFbqJ5rGmEzwiPYsFTii2k/n187QmVWGKJTKljBorv6eSHGk9TQKbGeEzVgve5n4n9dLTHjpp0zEiaGCLBaFCUdGoux1NGSKEsOnlmCimL0VkTFWmBgbUMmG4C2/vEra9Zrn1rw7t9K4yuMowgmcQhU8uIAG3EATWkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w9fqY5Q</latexit>

O(n)
<latexit sha1_base64="thSTtFLDoPeMBhXVDBCZsdC5kIE=">AAAB63icbVA9SwNBEJ2LXzF+RS1tlgQhIoQ7Gy2DNnZGMB+QHGFvs5cs2d07dveEcOQv2FgoYmHjH7Lz37h3SaGJDwYe780wMy+IOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGrrKFGEtkjEI9UNsKacSdoyzHDajRXFIuC0E0xuMr/zSJVmkXww05j6Ao8kCxnBJpPuavJsUK66dTcHWiXeglQblf75BwA0B+Wv/jAiiaDSEI617nlubPwUK8MIp7NSP9E0xmSCR7RnqcSCaj/Nb52hU6sMURgpW9KgXP09kWKh9VQEtlNgM9bLXib+5/USE175KZNxYqgk80VhwpGJUPY4GjJFieFTSzBRzN6KyBgrTIyNp2RD8JZfXiXti7rn1r17m8Y1zFGEE6hADTy4hAbcQhNaQGAMT/ACr45wnp03533eWnAWM8fwB87nD0tLjzU=</latexit><latexit sha1_base64="m19+DXNT7/N3ErQr0l/iSNjr9GI=">AAAB63icbVBNSwMxEJ31s9avqkcvoUWoCGXXix6LXrxZwX5Au5Rsmm1Dk+ySZIVl6V/woqCIV/+Qt/4bs20P2vpg4PHeDDPzgpgzbVx36qytb2xubRd2irt7+weHpaPjlo4SRWiTRDxSnQBrypmkTcMMp51YUSwCTtvB+Db3209UaRbJR5PG1Bd4KFnICDa5dF+V5/1Sxa25M6BV4i1IpV7uXbxO62mjX/ruDSKSCCoN4VjrrufGxs+wMoxwOin2Ek1jTMZ4SLuWSiyo9rPZrRN0ZpUBCiNlSxo0U39PZFhonYrAdgpsRnrZy8X/vG5iwms/YzJODJVkvihMODIRyh9HA6YoMTy1BBPF7K2IjLDCxNh4ijYEb/nlVdK6rHluzXuwadzAHAU4hTJUwYMrqMMdNKAJBEbwDG/w7gjnxflwPueta85i5gT+wPn6AVS1kLs=</latexit><latexit sha1_base64="m19+DXNT7/N3ErQr0l/iSNjr9GI=">AAAB63icbVBNSwMxEJ31s9avqkcvoUWoCGXXix6LXrxZwX5Au5Rsmm1Dk+ySZIVl6V/woqCIV/+Qt/4bs20P2vpg4PHeDDPzgpgzbVx36qytb2xubRd2irt7+weHpaPjlo4SRWiTRDxSnQBrypmkTcMMp51YUSwCTtvB+Db3209UaRbJR5PG1Bd4KFnICDa5dF+V5/1Sxa25M6BV4i1IpV7uXbxO62mjX/ruDSKSCCoN4VjrrufGxs+wMoxwOin2Ek1jTMZ4SLuWSiyo9rPZrRN0ZpUBCiNlSxo0U39PZFhonYrAdgpsRnrZy8X/vG5iwms/YzJODJVkvihMODIRyh9HA6YoMTy1BBPF7K2IjLDCxNh4ijYEb/nlVdK6rHluzXuwadzAHAU4hTJUwYMrqMMdNKAJBEbwDG/w7gjnxflwPueta85i5gT+wPn6AVS1kLs=</latexit><latexit sha1_base64="tndW4QtEoTbzjT1XjQapIifJ9wA=">AAAB63icbVBNSwMxEJ31s9avqkcvwSLUS8l60WPRizcr2A9ol5JNs21okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemAhuLMbf3tr6xubWdmmnvLu3f3BYOTpumzjVlLVoLGLdDYlhgivWstwK1k00IzIUrBNObnO/88S04bF6tNOEBZKMFI84JTaX7mvqYlCp4jqeA60SvyBVKNAcVL76w5imkilLBTGm5+PEBhnRllPBZuV+alhC6ISMWM9RRSQzQTa/dYbOnTJEUaxdKYvm6u+JjEhjpjJ0nZLYsVn2cvE/r5fa6DrIuEpSyxRdLIpSgWyM8sfRkGtGrZg6Qqjm7lZEx0QTal08ZReCv/zyKmlf1n1c9x9wtXFTxFGCUziDGvhwBQ24gya0gMIYnuEV3jzpvXjv3seidc0rZk7gD7zPHzjMjaw=</latexit>

O(log n)
<latexit sha1_base64="0DLF3Gz1ia/tOnvj44Xajp00cAA=">AAAB8HicbVDJSgNBEK1xjXGLevTSJAgRIcx40WPQizcjmEUyQ+jpdJImvQzdPUIY8hVePCjq1c/x5t/YWQ6a+KDg8V4VVfXihDNjff/bW1ldW9/YzG3lt3d29/YLB4cNo1JNaJ0ornQrxoZyJmndMstpK9EUi5jTZjy8nvjNR6oNU/LejhIaCdyXrMcItk56uC2HXPWRPO0USn7FnwItk2BOStViePYOALVO4SvsKpIKKi3h2Jh24Cc2yrC2jHA6zoepoQkmQ9ynbUclFtRE2fTgMTpxShf1lHYlLZqqvycyLIwZidh1CmwHZtGbiP957dT2LqOMySS1VJLZol7KkVVo8j3qMk2J5SNHMNHM3YrIAGtMrMso70IIFl9eJo3zSuBXgjuXxhXMkINjKEIZAriAKtxADepAQMATvMCrp71n7837mLWuePOZI/gD7/MHsd6RJQ==</latexit><latexit sha1_base64="A9AjNuW7D5Ucq28MGn7dBUBMLmI=">AAAB8HicbVDLSgNBEOyNrxhfUY9ehgQhIoRdL3oMevFmBPOQ7BJmJ5NkyMzsMjMrLEu+Qg8eFPHq53jL3zh5HDSxoKGo6qa7K4w508Z1J05ubX1jcyu/XdjZ3ds/KB4eNXWUKEIbJOKRaodYU84kbRhmOG3HimIRctoKRzdTv/VElWaRfDBpTAOBB5L1GcHGSo93FZ9HAyTPusWyW3VnQKvEW5ByreSfv0xqab1b/PZ7EUkElYZwrHXHc2MTZFgZRjgdF/xE0xiTER7QjqUSC6qDbHbwGJ1apYf6kbIlDZqpvycyLLRORWg7BTZDvexNxf+8TmL6V0HGZJwYKsl8UT/hyERo+j3qMUWJ4aklmChmb0VkiBUmxmZUsCF4yy+vkuZF1XOr3r1N4xrmyMMJlKACHlxCDW6hDg0gIOAZ3uDdUc6r8+F8zltzzmLmGP7A+foBu0iSqw==</latexit><latexit sha1_base64="A9AjNuW7D5Ucq28MGn7dBUBMLmI=">AAAB8HicbVDLSgNBEOyNrxhfUY9ehgQhIoRdL3oMevFmBPOQ7BJmJ5NkyMzsMjMrLEu+Qg8eFPHq53jL3zh5HDSxoKGo6qa7K4w508Z1J05ubX1jcyu/XdjZ3ds/KB4eNXWUKEIbJOKRaodYU84kbRhmOG3HimIRctoKRzdTv/VElWaRfDBpTAOBB5L1GcHGSo93FZ9HAyTPusWyW3VnQKvEW5ByreSfv0xqab1b/PZ7EUkElYZwrHXHc2MTZFgZRjgdF/xE0xiTER7QjqUSC6qDbHbwGJ1apYf6kbIlDZqpvycyLLRORWg7BTZDvexNxf+8TmL6V0HGZJwYKsl8UT/hyERo+j3qMUWJ4aklmChmb0VkiBUmxmZUsCF4yy+vkuZF1XOr3r1N4xrmyMMJlKACHlxCDW6hDg0gIOAZ3uDdUc6r8+F8zltzzmLmGP7A+foBu0iSqw==</latexit><latexit sha1_base64="yULcGfPqvH4yvZXAAswBK59K6KU=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2HXix6DXrwZwTwkWcLsZDYZMo9lZlYIS77CiwdFvPo53vwbJ8keNLGgoajqprsrSjgz1ve/vcLa+sbmVnG7tLO7t39QPjxqGZVqQptEcaU7ETaUM0mblllOO4mmWESctqPxzcxvP1FtmJIPdpLQUOChZDEj2Drp8a7a42qI5Hm/XPFr/hxolQQ5qUCORr/81RsokgoqLeHYmG7gJzbMsLaMcDot9VJDE0zGeEi7jkosqAmz+cFTdOaUAYqVdiUtmqu/JzIsjJmIyHUKbEdm2ZuJ/3nd1MZXYcZkkloqyWJRnHJkFZp9jwZMU2L5xBFMNHO3IjLCGhPrMiq5EILll1dJ66IW+LXg3q/Ur/M4inACp1CFAC6hDrfQgCYQEPAMr/Dmae/Fe/c+Fq0FL585hj/wPn8An1+PnA==</latexit>

O(1)
<latexit sha1_base64="KVPMTpnH9s6vUR/4ASm+0cLiDGE=">AAAB63icbVA9SwNBEJ2LXzF+RS1tlgQhIoQ7Gy2DNnZGMB+QHGFvs5cs2d07dveEcOQv2FgoYmHjH7Lz37h3SaGJDwYe780wMy+IOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGrrKFGEtkjEI9UNsKacSdoyzHDajRXFIuC0E0xuMr/zSJVmkXww05j6Ao8kCxnBJpPuat7ZoFx1624OtEq8Bak2Kv3zDwBoDspf/WFEEkGlIRxr3fPc2PgpVoYRTmelfqJpjMkEj2jPUokF1X6a3zpDp1YZojBStqRBufp7IsVC66kIbKfAZqyXvUz8z+slJrzyUybjxFBJ5ovChCMToexxNGSKEsOnlmCimL0VkTFWmBgbT8mG4C2/vEraF3XPrXv3No1rmKMIJ1CBGnhwCQ24hSa0gMAYnuAFXh3hPDtvzvu8teAsZo7hD5zPH+6Ljvg=</latexit><latexit sha1_base64="k2Gtb5Vy1XCfuk+6GicE2CxElfQ=">AAAB63icbVBNSwMxEJ31s9avqkcvoUWoCGXXix6LXrxZwX5Au5Rsmm1Dk+ySZIVl6V/woqCIV/+Qt/4bs20P2vpg4PHeDDPzgpgzbVx36qytb2xubRd2irt7+weHpaPjlo4SRWiTRDxSnQBrypmkTcMMp51YUSwCTtvB+Db3209UaRbJR5PG1Bd4KFnICDa5dF/1zvuliltzZ0CrxFuQSr3cu3id1tNGv/TdG0QkEVQawrHWXc+NjZ9hZRjhdFLsJZrGmIzxkHYtlVhQ7WezWyfozCoDFEbKljRopv6eyLDQOhWB7RTYjPSyl4v/ed3EhNd+xmScGCrJfFGYcGQilD+OBkxRYnhqCSaK2VsRGWGFibHxFG0I3vLLq6R1WfPcmvdg07iBOQpwCmWoggdXUIc7aEATCIzgGd7g3RHOi/PhfM5b15zFzAn8gfP1A/f1kH4=</latexit><latexit sha1_base64="k2Gtb5Vy1XCfuk+6GicE2CxElfQ=">AAAB63icbVBNSwMxEJ31s9avqkcvoUWoCGXXix6LXrxZwX5Au5Rsmm1Dk+ySZIVl6V/woqCIV/+Qt/4bs20P2vpg4PHeDDPzgpgzbVx36qytb2xubRd2irt7+weHpaPjlo4SRWiTRDxSnQBrypmkTcMMp51YUSwCTtvB+Db3209UaRbJR5PG1Bd4KFnICDa5dF/1zvuliltzZ0CrxFuQSr3cu3id1tNGv/TdG0QkEVQawrHWXc+NjZ9hZRjhdFLsJZrGmIzxkHYtlVhQ7WezWyfozCoDFEbKljRopv6eyLDQOhWB7RTYjPSyl4v/ed3EhNd+xmScGCrJfFGYcGQilD+OBkxRYnhqCSaK2VsRGWGFibHxFG0I3vLLq6R1WfPcmvdg07iBOQpwCmWoggdXUIc7aEATCIzgGd7g3RHOi/PhfM5b15zFzAn8gfP1A/f1kH4=</latexit><latexit sha1_base64="qw+XdynGm6NTsSDR/q8RhDC1eTU=">AAAB63icbVBNSwMxEJ31s9avqkcvwSLUS8l60WPRizcr2A9ol5JNs21okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemAhuLMbf3tr6xubWdmmnvLu3f3BYOTpumzjVlLVoLGLdDYlhgivWstwK1k00IzIUrBNObnO/88S04bF6tNOEBZKMFI84JTaX7mv+xaBSxXU8B1olfkGqUKA5qHz1hzFNJVOWCmJMz8eJDTKiLaeCzcr91LCE0AkZsZ6jikhmgmx+6wydO2WIoli7UhbN1d8TGZHGTGXoOiWxY7Ps5eJ/Xi+10XWQcZWklim6WBSlAtkY5Y+jIdeMWjF1hFDN3a2Ijokm1Lp4yi4Ef/nlVdK+rPu47j/gauOmiKMEp3AGNfDhChpwB01oAYUxPMMrvHnSe/HevY9F65pXzJzAH3ifP9wMjW8=</latexit>

The result of evaluating an f-string literal 
contains the str string of the value of each sub-
expression. 
>>> f'pi starts with {pi}...' 
'pi starts with 3.141592653589793...' 
>>> print(f'pi starts with {pi}...') 
pi starts with 3.141592653589793...

words = { 
 "más": "more", 
 "otro": "other", 
 "agua": "water" 
}

Dictionaries:

>>> len(words) 
3 
>>> "agua" in words 
True 
>>> words["otro"] 
'other' 
>>> words["pavo"] 
KeyError 
>>> words.get("pavo", "🤔") 
'🤔'

>>> [word for word in words] 
['más', 'otro', 'agua'] 
>>> [words[word] for word in words] 
['more', 'other', 'water'] 
>>> words["oruguita"] = 'caterpillar' 
>>> words["oruguita"] 
'caterpillar' 
>>> words["oruguita"] += '🐛' 
>>> words["oruguita"] 
'caterpillar🐛' 

{key: value for <name> in <iter exp>}

>>> {x: x*x for x in range(3,6)} 
{3: 9, 4: 16, 5: 25} 

Dictionary comprehensions:

You can copy a list by calling the list 
constructor or slicing the list from the 
beginning to the end.

List methods:

>>> a = [10, 20, 30] 
>>> list(a) 
[10, 20, 30] 
>>> a[:] 
[10, 20, 30] 

Tuples:
>>> empty = () 
>>> len(empty) 
0 
>>> conditions = ('rain', 'shine') 
>>> conditions[0] 
'rain' 
>>> conditions[0] = 'fog' 
Error

withdraw 
doesn't 

reassign any 
name within 
the parent

It changes the contents 
of the b list

Name bound 
outside of 

withdraw def

Element 
assignment 
changes a 

Return an iterator  
over the elements of  
an iterable value 

Return the next element

iter(iterable): 

next(iterator):

>>> s = [3, 4, 5]
>>> t = iter(s)
>>> next(t)
3
>>> next(t)
4

>>> d = {'one': 1, 'two': 2, 'three': 3}
>>> k = iter(d)
>>> next(k)
'one'
>>> next(k)
'two'

>>> v = iter(d.values())
>>> next(v)
1
>>> next(v)
2

>>> def plus_minus(x): 
...     yield x 
...     yield -x 

>>> t = plus_minus(3)  
>>> next(t) 
3 
>>> next(t) 
-3

A generator function is a function that yields values instead of returning.
def a_then_b(a, b): 
    yield from a 
    yield from b

>>> list(a_then_b([3, 4], [5, 6])) 
[3, 4, 5, 6]

>>> bool(0) 
False 
>>> bool(1) 
True 
>>> bool('') 
False 
>>> bool('0') 
True 
>>> bool([]) 
False 
>>> bool([[]]) 
True 
>>> bool({}) 
False 
>>> bool(()) 
False 
>>> bool(lambda x: 0) 
True 

False values: 
•Zero 
•False 
•None 
•An empty string, 
list, dict, tuple 

All other values 
are true values.

>>> str(today) # or today.__str__() 
'2019-10-13'

The result of calling repr on a value is what Python 
displays in an interactive session

The result of calling str on a value is  
what Python prints using the print function

>>> repr(today) # or today.__repr__() 
'datetime.date(2019, 10, 13)'

>>> today = datetime.date(2019, 10, 13)
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Built-in isinstance 
function: returns True if 
branch has a class that 
is or inherits from Tree

    for branch in branches: 
        assert is_tree(branch) 
    return [label] + list(branches)

Verifies that tree is 
bound to a list

Creates a list from a 
sequence of branches

def label(tree): 
    return tree[0] 

def branches(tree): 
    return tree[1:]

def is_tree(tree): 
    if type(tree) != list or len(tree) < 1: 
        return False 
    for branch in branches(tree): 
        if not is_tree(branch): 
            return False 
    return True

def tree(label, branches=[]):
Verifies the 

tree definition

def is_leaf(tree): 
    return not branches(tree)

>>> tree(3, [tree(1), 
...          tree(2, [tree(1),  
...                   tree(1)])]) 
[3, [1], [2, [1], [1]]]

2

1

3

1

1

def leaves(t): 
    """The leaf values in t. 
    >>> leaves(fib_tree(5)) 
    [1, 0, 1, 0, 1, 1, 0, 1] 
    """ 
    if is_leaf(t): 
        return [label(t)] 
    else: 
        return sum([leaves(b) for b in branches(t)], []) 

def fib_tree(n): 
    if n == 0 or n == 1: 
        return tree(n) 
    else: 
        left = fib_tree(n-2),  
        right = fib_tree(n-1) 
        fib_n = label(left) + label(right) 
        return tree(fib_n, [left, right]) 

def leaves(tree): 
   "The leaf values in a tree." 
   if tree.is_leaf(): 
        return [tree.label] 
    else: 
        return sum([leaves(b) for b in tree.branches], [])

def fib_tree(n): 
    if n == 0 or n == 1: 
        return Tree(n) 
    else: 
        left = fib_Tree(n-2) 
        right = fib_Tree(n-1) 
        fib_n = left.label+right.label 
        return Tree(fib_n,[left, right])

2

3

1

0 1 1 1

0 1

Root label
Branch

Leaf

Labels

NodesPathRecursive description: 
•A tree has a root label 
and a list of branches 
•Each branch is a tree 
•A tree with zero branches 
is called a leaf

Relative description: 
•Each location is a node 
•Each node has a label 
•One node can be the 
parent/child of another

class Tree: 
    def __init__(self, label, branches=[]): 
        self.label = label 
        for branch in branches: 
            assert isinstance(branch, Tree) 
        self.branches = list(branches) 
    def is_leaf(self): 
        return not self.branches 
    def __repr__(self): 
        if self.branches: 
            branch_str = ', ' + repr(self.branches) 
        else: 
            branch_str = '' 
        return 'Tree({0}{1})'.format(self.label, branch_str) 

    def __str__(self): 
        def print_tree(t, indent=0): 
            tree_str = '  ' * indent + str(t.label) + "\n" 
            for b in t.branches: 
                tree_str += print_tree(b, indent + 1) 
            return tree_str 
        return print_tree(self).rstrip() 

Root or Root Node
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      class Link: 
        empty = ()

Some zero 
length sequence

    def __init__(self, first, rest=empty): 
        self.first = first 
        self.rest = rest 

    def __repr__(self): 
        if self.rest: 
            rest = ', ' + repr(self.rest) 
        else: 
            rest = '' 
        return 'Link('+repr(self.first)+rest+')' 

    def __str__(self): 
        string = '<' 
        while self.rest is not Link.empty: 
            string += str(self.first) + ' ' 
            self = self.rest 
        return string + str(self.first) + '>' 

first: 4

rest:

Link instance

first: 5

rest:

Link instance

>>> s = Link(4, Link(5)) 
>>> s 
Link(4, Link(5)) 
>>> s.first 
4 
>>> s.rest 
Link(5) 
>>> print(s) 
<4 5> 
>>> print(s.rest) 
<5> 
>>> s.rest.rest is Link.empty 
True

def count_partitions(n, m):
    if n == 0:
        return 1
    elif n < 0:
        return 0
    elif m == 0:
        return 0
    else:
        with_m = count_partitions(n-m, m) 
        without_m = count_partitions(n, m-1)
        return with_m + without_m

• Recursive decomposition: finding 
simpler instances of a problem. 

• E.g., count_partitions(6, 4) 
• Explore two possibilities: 

• Use at least one 4 
• Don't use any 4 

• Solve two simpler problems: 
• count_partitions(2, 4) 
• count_partitions(6, 3) 

• Tree recursion often involves 
exploring different choices.

def sum_digits(n):
    "Sum the digits of positive integer n."
    if n < 10:
        return n
    else:
        all_but_last, last = n // 10, n % 10
        return sum_digits(all_but_last) + last

• The def statement header is like any function 
• Conditional statements check for base cases 
• Base cases are evaluated without recursive calls 
• Recursive cases are evaluated with recursive calls

Anatomy of a recursive function:
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SELECT "abraham" AS parent, "barack" AS child UNION 
SELECT "abraham"          , "clinton"         UNION 
SELECT "delano"           , "herbert"         UNION 
SELECT "fillmore"         , "abraham"         UNION 
SELECT "fillmore"         , "delano"          UNION 
SELECT "fillmore"         , "grover"          UNION 
SELECT "eisenhower"       , "fillmore";

CREATE TABLE parents AS

SELECT [expression] AS [name], [expression] AS [name], ... ;

CREATE TABLE dogs AS 
  SELECT "abraham" AS name, "long" AS fur UNION 
  SELECT "barack"         , "short"       UNION 
  SELECT "clinton"        , "long"        UNION 
  SELECT "delano"         , "long"        UNION 
  SELECT "eisenhower"     , "short"       UNION 
  SELECT "fillmore"       , "curly"       UNION 
  SELECT "grover"         , "short"       UNION 
  SELECT "herbert"        , "curly";

E

F

A D G

B C H

SELECT a.child AS first, b.child AS second  
  FROM parents AS a, parents AS b 
  WHERE a.parent = b.parent AND a.child < b.child;

First Second
barack clinton

abraham delano
abraham grover
delano grover

Latitude Longitude Name

38 122 Berkeley

42 71 Cambridge

45 93 Minneapolis

A table has columns and rows

A column 
has a 

name and 
a type

A row has a value for each column

The number of groups is the number of unique values of an expression
A having clause filters the set of groups that are aggregated
select weight/legs, count(*) from animals  
                             group by weight/legs  
                             having count(*)>1;

kind legs weight

dog 4 20

cat 4 10

ferret 4 10

parrot 2 6

penguin 2 10

t-rex 2 12000

weight/
legs count(*)

5 2

2 2

weight/legs=5

weight/legs=2

weight/legs=2

weight/legs=3

weight/legs=5

weight/legs=6000

SELECT [columns] FROM [table] WHERE [condition] ORDER BY [order];                                          

create table lift as 
  select 101 as chair, 2 as single, 2 as couple union 
  select 102         , 0          , 3           union 
  select 103         , 4          , 1;

select chair, single + 2 * couple as total from lift;

101

102

103

sqlite> CREATE TABLE phrase AS SELECT "hello, world" AS s; 
sqlite> SELECT substr(s, 4, 2) || substr(s, instr(s, " ")+1, 1)  
        FROM phrase; 
low

Basic string manipulation is built into SQL, but differs from Python

sqlite> SELECT "hello," || " world"; 
hello, world

String values can be combined to form longer strings

To look up a name in a class: 
1. If it names an attribute in the class, return the attribute value. 
2. Otherwise, look up the name in the base class, if there is one.

When a class is called: 
1.A new instance of that class is created:  
2.The __init__ method of the class is called with the new object as its 

first argument (named self), along with any additional arguments provided 
in the call expression.

An account instance

Idea: All bank accounts have a balance and an account holder;  
the Account class should add those attributes to each of its instances

>>> a = Account('Jim') 
>>> a.holder 
'Jim' 
>>> a.balance 
0

class Account: 
    def __init__(self, account_holder): 
        self.balance = 0 
        self.holder = account_holder 
    def deposit(self, amount): 
        self.balance = self.balance + amount 
        return self.balance 
    def withdraw(self, amount): 
        if amount > self.balance: 
            return 'Insufficient funds' 
        self.balance = self.balance - amount 
        return self.balance

balance: 0   holder: 'Jim'

__init__ is called a 
constructor

self should always be 
bound to an instance of 
the Account class or a 
subclass of Account

A new instance is 
created by calling a 

class

<expression> . <name>
The <expression> can be any valid Python expression. 
The <name> must be a simple name. 
Evaluates to the value of the attribute looked up by <name> in the object 
that is the value of the <expression>.

Dot expression

Call expression

>>> type(Account.deposit) 
<class 'function'> 
>>> type(a.deposit) 
<class 'method'>

>>> Account.deposit(a, 5) 
10 
>>> a.deposit(2) 
12

Function call: all 
arguments within 

parentheses

Method invocation: 
One object before 
the dot and other 
arguments within 

parentheses

Assignment statements with a dot expression on their left-hand side affect 
attributes for the object of that dot expression 
• If the object is an instance, then assignment sets an instance attribute 
• If the object is a class, then assignment sets a class attribute

To evaluate a dot expression: 
1. Evaluate the <expression> to the left of the dot, which yields 

the object of the dot expression 
2. <name> is matched against the instance attributes of that object; 

if an attribute with that name exists, its value is returned 
3. If not, <name> is looked up in the class, which yields a class 

attribute value 
4. That value is returned unless it is a function, in which case a 

bound method is returned instead

or
        return super().withdraw(      amount + self.withdraw_fee)

class CheckingAccount(Account): 
    """A bank account that charges for withdrawals.""" 
    withdraw_fee = 1 
    interest = 0.01 
    def withdraw(self, amount): 
        return Account.withdraw(self, amount + self.withdraw_fee)

>>> jim_account = Account('Jim') 
>>> tom_account = Account('Tom') 
>>> tom_account.interest 
0.02 
>>> jim_account.interest 
0.02 
>>> Account.interest = 0.04 
>>> tom_account.interest 
0.04 
>>> jim_account.interest 
0.04

>>> jim_account.interest = 0.08 
>>> jim_account.interest 
0.08 
>>> tom_account.interest 
0.04 
>>> Account.interest = 0.05 
>>> tom_account.interest 
0.05 
>>> jim_account.interest 
0.08

interest: 0.02 
(withdraw, deposit, __init__)

balance:  0 
holder:   'Jim' 

balance:  0 
holder:   'Tom' 

Account class 
attributes

0.04

interest: 0.08

0.05

Instance 
attributes of 
jim_account

Instance 
attributes of 
tom_account

>>> ch = CheckingAccount('Tom')  # Calls Account.__init__ 
>>> ch.interest     # Found in CheckingAccount 
0.01 
>>> ch.deposit(20)  # Found in Account 
20 
>>> ch.withdraw(5)  # Found in CheckingAccount 
14

Python object system:



Scheme programs consist of expressions, which can be: 
• Primitive expressions: 2, 3.3, true, +, quotient, ... 
• Combinations: (quotient 10 2), (not true), ...
Numbers are self-evaluating; symbols are bound to values. 
Call expressions have an operator and 0 or more operands.

A combination that is not a call expression is a special form: 
• If expression:  (if <predicate> <consequent> <alternative>) 
• Binding names:  (define <name> <expression>) 
• New procedures: (define (<name> <formal parameters>) <body>)

Lambda expressions evaluate to anonymous procedures.

λ
  (lambda (<formal-parameters>) <body>)
Two equivalent expressions:
  (define (plus4 x) (+ x 4)) 
  (define plus4 (lambda (x) (+ x 4)))
An operator can be a combination too:
  ((lambda (x y z) (+ x y (square z))) 1 2 3)

  > (define pi 3.14) 
  > (* pi 2) 
  6.28

  > (define (abs x) 
      (if (< x 0) 
          (- x) 
          x)) 
  > (abs -3) 
  3

In the late 1950s, computer scientists used confusing names. 
• cons: Two-argument procedure that creates a pair 
• car:  Procedure that returns the first element of a pair 
• cdr:  Procedure that returns the second element of a pair 
• nil:  The empty list 
They also used a non-obvious notation for linked lists. 
• A (linked) Scheme list is a pair in which the second element is 

nil or a Scheme list. 
• Scheme lists are written as space-separated combinations. 
• A dotted list has an arbitrary value for the second element of the 

last pair.  Dotted lists may not be well-formed lists.

  > (define x (cons 1 nil)) 
  > x 
  (1) 
  > (car x) 
  1 
  > (cdr x) 
  () 
  > (cons 1 (cons 2 (cons 3 (cons 4 nil)))) 
  (1 2 3 4)

Symbols normally refer to values; how do we refer to symbols?
  > (define a 1) 
  > (define b 2) 
  > (list a b) 
  (1 2)

Quotation is used to refer to symbols directly in Lisp.

No sign of “a” and “b” in 
the resulting value

  > (list 'a 'b) 
  (a b) 
  > (list 'a b) 
  (a 2)

Quotation can also be applied to combinations to form lists.
  > (car '(a b c)) 
  a 
  > (cdr '(a b c)) 
  (b c)

Symbols are now values
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(define size 5) ; =>  size 
(if (> size 0) size (- size)) ; =>  5 
(cond ((> size 0) size) ((= size 0) 0) (else (- size))) ; =>  5 
(and (> size 1) (< size 10)) ; =>  #t 
(or (> size 1) (< size 3)) ; =>  #t 
(let ((a size) (b (+ 1 2))) (* 2 a b)) ; =>  30 
(begin (define x (+ size 1)) (* x 2)) ; =>  12 
((lambda (x y) (+ x y size)) size (+ 1 2)) ; =>  13 
(define (add-two x y) (+ x y)) ; =>  add-two 
`(+ size (- ,size) ,(* 3 4)) ; =>  (+ size (- 5) 12) 

; Example: Making a procedure to generate a sum-while loop expression
; Sum the squares of even numbers less than 10, starting with 2
; RESULT: 2 * 2 + 4 * 4 + 6 * 6 + 8 * 8 = 120
(begin
  (define (f x total)
    (if (< x 10)
      (f (+ x 2) (+ total (* x x)))
      total))
  (f 2 0))
  
; Sum the numbers whose squares are less than 50, starting with 1
; RESULT: 1 + 2 + 3 + 4 + 5 + 6 + 7 = 28
(begin
  (define (f x total)
    (if (< (* x x) 50)
      (f (+ x 1) (+ total x))
      total))
  (f 1 0))

(define (sum-while starting-x while-condition add-to-total update-x)
  `(begin
     (define (f x total)
       (if ,while-condition
         (f ,update-x (+ total ,add-to-total))
         total))
     (f ,starting-x 0)))

(eval (sum-while 2 '(< x 10) '(* x x) '(+ x 2))) ; => 120
(eval (sum-while 1 '(< (* x x) 50) 'x '(+ x 1))) ; => 28

The way in which names are looked up in Scheme and Python is 
called lexical scope (or static scope). 
Lexical scope: The parent of a frame is the environment in 
which a procedure was defined. (lambda ...)
Dynamic scope: The parent of a frame is the environment in 
which a procedure was called.  (mu ...)

> (define f (mu (x) (+ x y))) 
> (define g (lambda (x y) (f (+ x x)))) 
> (g 3 7) 
13

Trees in Scheme 
(define (tree label branches)
    (cons label branches))
  
(define (label t) (car t))
  
(define (branches t) (cdr t))
  
(define (is-leaf t) (null? (branches t)))

Scheme Scopes 

A procedure call that has not yet returned is active. Some procedure 
calls are tail calls. A Scheme interpreter should support an unbounded 
number of active tail calls. 

A tail call is a call expression in a tail context, which are:  
• The last body expression in a lambda expression 
• Expressions 2 & 3 (consequent & alternative) in a tail context if 
• All final sub-expressions in a tail context cond 
• The last sub-expression in a tail context and, or, begin, or let

(define (factorial n k) 
  (if (= n 0) k 
    (factorial (- n 1) 
               (* k n))))

(define (length s) 
  (if (null? s) 0 
    (+ 1 (length (cdr s)))))

(define (length-tail s) 
  (define (length-iter s n) 
    (if (null? s) n 
      (length-iter (cdr s) (+ 1 n)) ) ) 
  (length-iter s 0) )

Recursive call is a tail call

Not a tail call

Scheme Tail Calls Scheme Special Forms

(+ 2 5 1) ; =>  8 
(- 9) ; =>  -9 
(- 9 3 2) ; =>  4 
(* 2 5) ; =>  10 
(/ 7 2) ; =>  3.5 
(/ 16 2 2 2) ; =>  2 
(abs -1) ; =>  1 
(remainder 7 3) ; =>  1

Scheme Built-In Procedures
(null? '(1 2)) ; =>  #f 
(null? '()) ; =>  #t 
(= 1 2) ; =>  #f 
(>= 2 1) ; =>  #t 
(even? 2) ; =>  #t 
(equal? '(1 2) '(1 2)) ; => #t 
(eq? '(1 2) '(1 2)) ; => #f 
(not (> 1 2)) ; =>  #t

Scheme Lists 

Scheme 

(car (cons 1 nil)) -> 1 
(cdr (cons 1 nil)) -> () 
(cdr (cons 1 (cons 2 nil))) -> (2)

(append '(1 2) '(3 4)) ; =>  (1 2 3 4) 
(length '(1 2 3 4)) ; =>  4 
(map (lambda (x) (+ x size)) '(2 3 4)) ; =>  (7 8 9) 
(filter odd? '(2 3 4)) ; =>  (3) 
(reduce + '(1 2 3 4 5)) ; =>  15 
(list 1 2 3 4) ; =>  (1 2 3 4) 
(list (cons 1 nil) size 'size) ; =>  ((1) 5 size) 
(list (or #f #t) (or) (or 1 2)) ; =>  (#t #f 1) 
(list (and #f #t) (and) (and 1 2)) ; =>  (#f #t 2) 
(eval '(* 5 (* 4 (* 3 (* 2 (* 1 1)))))) ; => 120 
(apply + '(1 2 3)) ; => 6 

A function that can apply any function expression to any list of arguments:

(define (call-func func-expression func-args)
     (apply (eval func-expression) func-args)
)
(call-func '(lambda (a b) (+ a b)) '(3 4))  ; => 7

(define t
    (tree 3
          (list (tree 1 nil)
                (tree 2 (list (tree 4 nil) (tree 5 nil))))))

(3 (1) (2 (4) (5)))
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. Matches any 
character .a. cal, ha!, (a)

\w Matches letters, 
numbers or _ \wa\w cal, dad, 

3am

\d Matches a digit \d\d 61, 00

\s
Matches a 
whitespace 
character  

\d\s\d 1 2

[...] Encloses a list of 
options or ranges b[aeiou]d bad, bed, 

bid, bod, 
bud

+
One or 
more 

copies
aw+ awwwww

*
Zero or 
more 

copies
b[a-z]*y

by, buy, 
buoy, 

berkeley

? Zero or 
one copy :[-o]?\) :) :o) :-)

{min, 
max}

A range 
of copies ya{2,4}y

yaay, 
yaaay, 
yaaaay

\w+@(\w+\.)+[A-Za-z]{3}

a letter or number (or _)

one or more letters/numbers

any letter (upper or lower case)

exactly three letters

one or more parts of a domain name ending in .

word

a word followed by . (e.g., berkeley.)

The | character matches either of two sequences 
(Fall|Spring) 20(\d\d) matches either Fall 2021 or Spring 2021 

A whole group can be repeated multiple times 
l(ol)+ matches lol and lolol and lololol but not lolo

The ^ and $ anchors correspond to the start and end of the full string 
The \b anchor corresponds to the beginning or end of a word 

Regular Expressions 

Apply

Eval

Recursive calls:  
• Eval(operator, operands) of call expressions 
• Apply(procedure, arguments) 
• Eval(sub-expressions) of special forms

Base cases:  
• Primitive values (numbers) 
• Look up values bound to symbols 

Base cases:  
• Built-in primitive procedures 
Recursive calls:  
• Eval(body) of user-defined procedures 

Requires an 
environment 
for name 
lookup

The structure 
of the Scheme 
interpreter

To apply a user-defined procedure, create a new frame in which 
formal parameters are bound to argument values, whose parent 
is the env of the procedure, then evaluate the body of the 
procedure in the environment that starts with this new frame.

(define (f s) (if (null? s) '(3) (cons (car s) (f (cdr s)))))

(f (list 1 2))

1

Pair

2

Pair

nil[parent=g] s

[parent=g] s

[parent=g] s

g: Global frame

f LambdaProcedure instance [parent=g]

Creates a new 
environment each 

time a user-
defined procedure 

is applied

Expression Trees

A basic interpreter has two parts: a parser and an evaluator

6

lines Parser expression Evaluator value

'(+ 2 2)' Pair('+', Pair(2, Pair(2, nil))) 4

4
Pair('*', Pair(Pair('+', ...)))

(* (+ 1 (- 23) (* 4 5.6)) 10)

printed as

 '(* (+ 1'  
 '      (- 23)' 
 '      (* 4 5.6))'
 '   10)'

Lines forming 
a Scheme 
expression

A number or a Pair with an 
operator as its first element A number

scheme_reader.py scalc.py

Expression Trees

A basic interpreter has two parts: a parser and an evaluator

6

lines Parser expression Evaluator value

'(+ 2 2)' Pair('+', Pair(2, Pair(2, nil))) 4

4
Pair('*', Pair(Pair('+', ...)))

(* (+ 1 (- 23) (* 4 5.6)) 10)

printed as

 '(* (+ 1'  
 '      (- 23)' 
 '      (* 4 5.6))'
 '   10)'

Lines forming 
a Scheme 
expression

A number or a Pair with an 
operator as its first element A number

scheme_reader.py scalc.py

A Scheme list is written as elements in parentheses: 

(<element0> <element1> ... <elementn>) 

Each <element> can be a combination or atom (primitive). 
(+ (* 3 (+ (* 2 4) (+ 3 5))) (+ (- 10 7) 6)) 
The task of parsing a language involves coercing a string 
representation of an expression to the expression itself. 
Parsers must validate that expressions are well-formed.

A  Scheme list

 '(+ 1'  
 '   (- 23)' 
 '   (* 4 5.6))'

Lines Expression

A Parser takes a sequence of lines and returns an expression.

Lexical 
analysis Tokens Syntactic 

analysis

'(', '+', 1
'(', '-', 23, ')'
'(', '*', 4, 5.6, ')', ')'

Pair('+', Pair(1, ...))

(+ 1 (- 23) (* 4 5.6))
printed as

• Iterative process 
• Checks for malformed tokens 
• Determines types of tokens 
• Processes one line at a time

• Tree-recursive process 
• Balances parentheses 
• Returns tree structure 
• Processes multiple lines

Syntactic analysis identifies the hierarchical structure of an 
expression, which may be nested. 
Each call to scheme_read consumes the input tokens for exactly 
one expression.
Base case: symbols and numbers 
Recursive call: scheme_read sub-expressions and combine them

A basic interpreter has two parts: a parser and an evaluator.

>>> s = Pair(1, Pair(2, Pair(3, nil)))
>>> s
Pair(1, Pair(2, Pair(3, nil)))
>>> print(s)
(1 2 3)

class Pair:
    """A pair has two instance attributes: 
       first and rest. 

       rest must be a Pair or nil.
    """
    def __init__(self, first, rest):
        self.first = first
        self.rest = rest

restfirst
1

restfirst
2

restfirst
3 nil

(* 3  
   (+ 4 5) 
   (* 6 7 8))

Calculator Expression Expression Tree

restfirst
*

restfirst
3

restfirst restfirst
nil

restfirst
+

restfirst
4

restfirst
5 nil

restfirst
*

restfirst
6

restfirst
7

restfirst
8 nil

Representation as Pairs

The Calculator language has primitive expressions and call expressions

* 3

+ 4 5 * 6 87

Calculator 

Security Principles 
• Know your threat model 
• Consider human factors 
• Security is economics 
• Detect if you can’t prevent 
• Defense in depth

• Least privilege 
• Separation of responsibility 
• Ensure complete mediation 
• Don’t rely on security through obscurity 
• Use fail-safe defaults 
• Design in security from the start

Laryn Qi



Scratch Paper 
Feel free to use this space to do work. Work here will NOT be graded

Laryn Qi


