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Building Linked Lists Recursively

Building a linked list using recursion often uses the recursive result as the rest 

def some_function(...) -> LinkedList: 
    ... Link(..., some_function(...)) ...

4

def squares(n) -> LinkedList[int]: 
    """A linked list of n perfect squares. 

    >>> print(squares(10)) 
    (1 4 9 16 25 36 49 64 81 100) 
    """ 
    def f(i): 
        if i > n: 
            return () 
        else: 
            return __________________ 
    return f(1)

type LinkedList[T] = Link[T] | tuple[()] 

@dataclass 
class Link[T]: 
    first: T 
    rest: LinkedList[T] = ()  # rest defaults to empty



Building Linked Lists Recursively

Building a linked list using recursion often uses the recursive result as the rest 

def some_function(...) -> LinkedList: 
    ... Link(..., some_function(...)) ...
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def squares(n) -> LinkedList[int]: 
    """A linked list of n perfect squares. 

    >>> print(squares(10)) 
    (1 4 9 16 25 36 49 64 81 100) 
    """ 
    def f(i): 
        if i > n: 
            return () 
        else: 
            return __________________ 
    return f(1)

def low_squares(n) -> LinkedList[int]: 
    """A linked list of n perfect squares  
    that have a ones digit below 5. 

    >>> print(low_squares(10)) 
    (1 4 25 64 81 100 121 144 225 324) 
    """

Link(i*i, f(i+1))

    def f(i, k): 
        if k == n: 
            return () 
        elif ________________: 
            return Link(i*i, ____________ ) 
        else: 
            return __________ 
    return f(1, 0)

What to square How many found

type LinkedList[T] = Link[T] | tuple[()] 

@dataclass 
class Link[T]: 
    first: T 
    rest: LinkedList[T] = ()  # rest defaults to empty
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    ... Link(..., some_function(...)) ...
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def squares(n) -> LinkedList[int]: 
    """A linked list of n perfect squares. 

    >>> print(squares(10)) 
    (1 4 9 16 25 36 49 64 81 100) 
    """ 
    def f(i): 
        if i > n: 
            return () 
        else: 
            return __________________ 
    return f(1)

def low_squares(n) -> LinkedList[int]: 
    """A linked list of n perfect squares  
    that have a ones digit below 5. 

    >>> print(low_squares(10)) 
    (1 4 25 64 81 100 121 144 225 324) 
    """

Link(i*i, f(i+1))

    def f(i, k): 
        if k == n: 
            return () 
        elif ________________: 
            return Link(i*i, ____________ ) 
        else: 
            return __________ 
    return f(1, 0)

i * i % 10 <= 5
f(i+1, k+1)

f(i+1, k)

What to square How many found

type LinkedList[T] = Link[T] | tuple[()] 

@dataclass 
class Link[T]: 
    first: T 
    rest: LinkedList[T] = ()  # rest defaults to empty



Slicing a Linked List
Normal slice notation (such as s[1:3]) doesn't work if s is a linked list.
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def slice_link(s: LinkedList, i, j) -> LinkedList: 
    """Return a linked list containing elements from i:j. 

    >>> evens = Link(4, Link(2, Link(6))) 
    >>> print(slice_link(evens, 1, 100)) 
    (2 6) 
    >>> print(slice_link(evens, 1, 2)) 
    (2) 
    >>> print(slice_link(evens, 0, 2)) 
    (4 2) 
    >>> slice_link(evens, 1, 1) 
    () 
    """ 
    assert i >= 0 and j >= 0 
    if _________ or s == (): 
        return () 
    elif _______: 
        return Link(s.first, ___________________________) 
    else: 
        return slice_link(s.rest, i-1 , j-1 ) 

slice_link(evens, 1, 2)

slice_link(evens.rest, 0, 1)

4 2 6

evens evens.rest

slice_link(evens.rest.rest, 0, 0)

 returns

 links 2 to 

 returns ()

2



Slicing a Linked List
Normal slice notation (such as s[1:3]) doesn't work if s is a linked list.
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def slice_link(s: LinkedList, i, j) -> LinkedList: 
    """Return a linked list containing elements from i:j. 

    >>> evens = Link(4, Link(2, Link(6))) 
    >>> print(slice_link(evens, 1, 100)) 
    (2 6) 
    >>> print(slice_link(evens, 1, 2)) 
    (2) 
    >>> print(slice_link(evens, 0, 2)) 
    (4 2) 
    >>> slice_link(evens, 1, 1) 
    () 
    """ 
    assert i >= 0 and j >= 0 
    if _________ or s == (): 
        return () 
    elif _______: 
        return Link(s.first, ___________________________) 
    else: 
        return slice_link(s.rest, i-1 , j-1 ) 

j == 0

i == 0
slice_link(s.rest, i, j-1)

slice_link(evens, 1, 2)

slice_link(evens.rest, 0, 1)

4 2 6

evens evens.rest

slice_link(evens.rest.rest, 0, 0)

 returns

 links 2 to 

 returns ()

2



List Mutation

(Demo: Study Guide Examples)

https://pythontutor.com/cp/composingprograms.html#code=suits%20%3D%20%5B'coin',%20'string',%20'myriad',
%20'cup'%5D%0Asuits.pop%28%29%20%20%20%20%20%20%20%20%20%20%20%20%20%20%20%23%20remove%20%26%20return%20last%0Asuits.pop%281%29%20%20%20%20%20%20%20%20%20%20%20%20%20%20%23%20remove%20%26%20return%20index%201%0Asuits.remove%28'myriad'%29%20%20%20%20%23%20remove%20first%20match%0Asuits%0Asuits.append%28'spade'%29%20%20%20%20%20%23%20add%20one%20to%20the%20end%0Asuits.extend%28%5B'heart',
%20'club'%5D%29%20%20%23%20add%20all%20to%20end%0Asuits%5B0%5D%20%3D%20'diamond'%0Asuits.insert%280,%20'joker'%29%20%20%23%20add%20at%20index%0Asuits%0Aprint%28suits.append%28'x'%29%29%20%20%23%20append%20returns%20None%3B%20so%20do%20extend,
%20insert%20%26%20remove%0A%0As%20%3D%20%5B1,%202%5D%0As.append%28%5B3,%204%5D%29%0As.extend%28%5B5,%206%5D%29%0A%0At%20%3D%20s%0As%20%2B%3D%20%5B7%5D%20%20%20%20%20%23%20mutates%0As%20%3D%20s%20%2B%20%5B8%5D%20%20%23%20new%20list&cumulative=true&curInstr=17&mode=display&origin=composingprograms.js&py=3&rawInputLstJSON=%5B%5D



Lists in Lists in Lists in Environment Diagrams
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t = [[1, 2], [3, 4]] 
list(t) 
t[0].append(t[1:2]) 
print(t)

Global

t

list
10

list
10

1 2

list
10

3 4

list
02

[[1, 2, [[3, 4]]], [3, 4]]

[

[ [

[ ]

]]

list
10

A copy of t:  
list(t) or t[:] or t + []

]

The call to print(t) displays ____________________________



f3: last [parent=          ]

Return value

k 2

f2: surround [parent=Global]

Return value

n

f

3

f1: of [parent=Global]

Return value

us list
0 4 1 5 2 6

Fall 2022 Midterm 2 Question 2
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def of(us): 
    def last(k): 
        "The last k items of us" 
        while k > 0: 
            result.append(us.pop()) 
            k = k - 1 
        return result 
    return last 

def surround(n, f): 
    "n is the first and last item of f(2)" 
    result = [n] 
    result = f(2) 
    result[0] = [n] 
    return result.append(n) 
     
result = [1] 
surround(3, of([4, 5, 6])) 
print(result) 

Global func of(us) [parent=Global]

result

of

surround func surround(n, f) [parent=Global]

last

func last(k) [parent=f1]

result

list
0 1

0

1 6 2 5

f1

list
0 3

None

3 3

[[3], 6, 5, 3]

list
0 3



Spring 2023 Midterm 2 Question 1
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def chain(s): 
    return [s[0], s[1:]] 
silver = [2, chain([3, 4, 5])] 
gold = [silver[0], silver[1].pop()] 
silver[0] = 1 
platinum = chain(chain([6, 7, 8])) 

Global frame
chain

func chain(s) [parent=Global]

platinum

3
list

4 5
chain   [p=G]
s
ret val 3

list

4 5
list

silver 2
list

silver[1] 
evaluates to 
this list

silver[1].pop() 
evaluates to 
this list

gold

2
list

1

6
list

7 8chain   [p=G]
s
ret val 6

list

7 8
list

chain   [p=G]
s
ret val

list

>>> silver 

>>> gold 

>>> platinum

Reminder: s.pop() removes and 
returns the last item in list s.  

[1, [3]]

[2, [4, 5]]

[6, [[7, 8]]] 6
list

https://pythontutor.com/cp/composingprograms.html#code=def%20chain%28s%29%3A%0A%20%20%20%20return%20%5Bs%5B0%5D,%20s%5B1%3A%5D%5D%0Asilver%20%3D%20%5B2,%20chain%28%5B3,%204,%205%5D%29%5D%0Agold%20%3D%20%5Bsilver%5B0%5D,
%20silver%5B1%5D.pop%28%29%5D%0Asilver%5B0%5D%20%3D%201%0Aplatinum%20%3D%20chain%28chain%28%5B6,%207,%208%5D%29%29%0A&cumulative=true&curInstr=0&mode=display&origin=composingprograms.js&py=3&rawInputLstJSON=%5B%5D



Prefixes
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def prefixes(s): 
    """Return a list of all of the list prefixes of s. 
     
    >>> prefixes([1, 2, 3]) 
    [[1], [1, 2], [1, 2, 3]] 
    “"" 

    so_far = [] 

    result = [] 

    for x in s: 

        so_far.append(x) 
         
        result.append(so_far) 

    return result 

>>> prefixes([1, 2, 3]) 

[[1, 2, 3], [1, 2, 3], [1, 2, 3]]

How can we fix the implementation?

list(so_far) 

https://pythontutor.com/cp/
composingprograms.html#code=def%20prefixes%28s%29%3A%0A%20%20%20%20so_far%20%3D%20%5B%5D%0A%20%20%20%20result%20%3D%20%5B%5D%0A%20%20%20%20for%20x%20in%20s%3A%0A%20%20%20%20%20%20%20%20so_far.append%28x%29%0A%20%20%20%20%20%20%20%20result.append%28so_far%29%0A%20%20%20%20return%20result%0A%0Aprint%28prefixes%28%5B1,%202,%203%5D%29%29&cumulative=true&curInstr=0&mode=display&origin=composingprog
rams.js&py=3&rawInputLstJSON=%5B%5D



Lists of Fibonacci Numbers Recursively

def fibs_rec(n): 
    """Return a list of the first n fibonacci numbers. 

    >>> fibs_rec(10) 
    [0, 1, 1, 2, 3, 5, 8, 13, 21, 34] 
    """ 
    s = [] 
    def f(i): 
        _________: 
            if i < 2: 
                s.append(i) 
            else: 
                s.append(s[-2] + s[-1]) 
            __________ 
    _____ 
    return s

14

List mutations can be used to build up a list incrementally, even using recursion



Lists of Fibonacci Numbers Recursively

def fibs_rec(n): 
    """Return a list of the first n fibonacci numbers. 

    >>> fibs_rec(10) 
    [0, 1, 1, 2, 3, 5, 8, 13, 21, 34] 
    """ 
    s = [] 
    def f(i): 
        _________: 
            if i < 2: 
                s.append(i) 
            else: 
                s.append(s[-2] + s[-1]) 
            __________ 
    _____ 
    return s
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List mutations can be used to build up a list incrementally, even using recursion

if i < n

f(i + 1)
f(0)



Class Practice



Class Attributes
A class attribute can be accessed from either an instance or its class. There is only one 
value for a class attribute, regardless of how many instances.
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class Transaction: 
    """A logged transaction. 

    >>> s = [20, -3, -4] 
    >>> ts = [Transaction(x) for x in s] 
    >>> ts[1].balance() 
    17 
    >>> ts[2].balance() 
    13 
    """     
    log = [] 

    def __init__(self, amount): 
        self.amount = amount 
        self.prior = _______________ # a list of Transactions 
        self.log.append(self) 

    def balance(self): 
        """The sum of amounts for this transaction and all prior transactions""" 
        return self.amount + sum(_______________________________ ) 

Equivalently: list(type(self).log) or list(Transaction.log)

amount: -3
prior:

Transaction instance

amount: -4
prior:

Transaction instance

amount: 20
prior:

Transaction instance

empty list

log:
...

Transaction class List

Always bound to some 
Transaction instance

list(self.log)

[t.amount for t in self.prior] 


